Lusternik-Schnirelman method for functionals invariant with respect to a finite group action  by Krawcewicz, W & Marzantowicz, W
JOURNAL OF DIFFERENTIAL EQUATIONS 85, 105-124 (1990) 
Lusternik-Schnirelman Method for Functionals 
Invariant with Respect to a Finite Group Action 
W. KRAWCEWICZ' 
Department of Mathematics, University of Alberta, 
Edmonton, Canada T6G 2GI 
AND 
W. MARZANTOWICZ 
Institute of Mathematics, University of Gdarisk, 
Gdatisk, Poland 
Received November 14, 1988; revised May 4, 1989 
INTRODUCTION 
A function f: s” + [w of class C’ has at least two critical points. However, 
the existence of symmetries for f can give a much larger number of critical 
points. For example, iffis invariant with respect to a free action of a finite 
group G, then f has at least ( G I (n + 1) distinct critical points (see 
[Kl, MA]; we refer also to Corollary (1.5) which is a generalization of this 
result). Consequently, the existence of a symmetry group G for the func- 
tionalf, in general defined on a Banach manifold, has a significant impact 
on the number of critical points. The problem of finding the best possible 
estimates for the number of orbits of critical points of an invariant func- 
tional was studied by many authors; for a I!,-action with p prime number, 
see [EL]; for S’-action, see [Bl, B2, CW2, CW3, FR2, R2]; for a non-free 
action, where Morse theory is applied, see [Pl, CWl, W]; see also 
[DA, FH, FRl]. 
This work is an attempt to give a general and explicit formula 
(cf. Theorem (1.3)) for the number of critical points of an invariant func- 
tional f with respect to a finite group action which is not necessarily free. 
More precisely, let M be a paracompact and complete Banach manifold 
endowed with an action by diffeomorphisms of a finite group G. We prove 
(see Theorem (1.3)) that if M\MG contains a G-invariant subset S which 
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is G-homeomorphic to a sphere S” and if f: M -+ [w is a G-invariant 
C’-function, bounded below, satisfying the well-known Palais-Smale 
condition and such that 
fb<r<f(x) VSES, VXEM~ 
for some r E [w, then there is a lower estimate v(S, M) for the number of 
critical points off depending only on the equivariant topological structure 
of S” and the properties of isotropy subgroups G, of x E M\MG. This result 
is an improvement even in the case where G = Z,,, with p a prime integer, 
and the action of G is free on M\M’. The well-known result of Ekeland 
and Lasry (cf. [EL]) gives only the existence of at least p(k+ 2) critical 
points, where n = 2k + 1, while our result assures the existence of p(2k + 2) 
critical points. Besides that, in many physical situations there arise sym- 
metry groups that cannot act freely on any sphere S” (for example, the 
dihedral group C,,, where n is odd, cf. [BR, p. 1501). However, our 
method still allows us to estimate the number of critical points of funtionals 
in the presence of such symmetries. 
We apply Theorem (1.3) to the variational problem 
-h(x) +Vcp(u(x))=O, XEQ 
4dR=o, u E C’(c!, W’), 
where cp: 52 + IR’ is a C2-function, G-invariant with respect to an 
orthogonal representation of a finite group G in [w’, and we obtain a 
sharpened version of Proposition 7 of [EL]. Next, we consider an 
orthogonal representation of the group G in a Hilbert space H and we 
study the existence of non-trivial solutions to the equation 
A(u) = Au, UEH, AER, 
where A(u) = VY(u), Y : H + R is a G-invariant functional of class C* 
and A(0) = 0. This problem was studied in [M] and [BP]. Since our 
estimations do not count the “multiplicity” (in the sense of Morse theory) 
of solutions, our result (see Theorem (3.2)) can be considered an actual 
improvement of the result of [BP]. Applying this estimate to the 
bifurcation problem 
-du=Pff(u), u E H;(Q), (*I 
where Q = (-rc/2,7r/2) x (--z/2, 7c/2), G = C4”, and f: iw + [w is a Cl-func- 
tion such that f(0) = 0, f’(0) = 1, we obtain a bifurcation result (see 
Theorem (3.3)) which estimates the number of branches of solutions to ( * ) 
without counting their “multiplicities” (compare with Theorem 3.2 of 
WI 1. 
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At the end we discuss the possible implications of our method in the 
study of the problem of partial breaking of symmetries (cf. 
[ACE, DA, RE]). 
1. CRITICAL POINTS OF G-INVARIANT FUNCTIONALS 
ON BANACH MANIFOLDS 
In this section we give an explicit formula for a lower estimation of the 
number of critical points of an invariant function defined on a paracompact 
Banach manifold equipped with an action (by diffeomorphisms) of a finite 
group G (cf. Theorem (1.3)). 
Let A4 be a G-manifold of class Ck (k > 2), i.e., M is a Banach manifold 
on which the group G acts continuously by diffeomorphisms. We say that 
A4 is a Finsler G-manifold if there exists a Finsler structure (/ .[I :T(M) + iR 
(see [P2]) such that I/ .[I is a G-invariant function. 
(1.1) THEOREM. Let G be a finite group. Every parcompact G-manifold 
admits the structure of a Finsler G-manifold. 
ProoJ The standard averaging over G of any Finsler structure gives a 
G-invariant Finsler structure on A4. See also [P2]. 1 
(1.2) COROLLARY. Let G be a finite group and A4 a paracompact 
G-manifold. Then M is G-metrizable. 
Proof: Observe that a G-invariant Finsler structure on A4 induces a 
G-invariant metric 
where c: [a, b] + M, o(a) =p, o(b) = q, is a Cl-path. The metric p is 
G-invariant and consistent with the topology of M. 1 
Let G be a finite group and M a paracompact G-manifold; then, by 
Theorem (1.1 ), M admits a Finsler G-structure II.11 : TM + [w. We say that 
a function f: M + [w of class C’ satisfies the Palais-Smale ((P.S.) for 
abbreviation) condition if any sequence (xn} EM such that (f(xn)} is 
bounded and I( df(x,)(l + 0 as n + cc contains a convergent subsequence. 
We denote by K the set of all critical points of f and K,. stands for 
Knf-‘(c), where c E [w. For every tl E Iw we put 
fz:= {XEMIf(X)<ccj 
505/85,'-8 
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Let G be a finite group and X a G-space. By t(X) we denote a complete 
list of representations of all conjugacy classes of isotropy subgroups H = G., 
for some x E x\X”. 
The set g(X) is ordered by the relation (cf. [BR]) 
H&f,-$..g-‘f&g=% 
where H,, H, E t(X). By p(X) we denote the set of all minimal elements H 
in t(X) such that the Weil group W(H)=N(H)/H of H, where N(H) is 
the normalizer of H, is nontrivial and by pO(X) we denote the set of those 
minimal elements H in t(X) for which W(H) = {e}. 
We consider a complete G-manifold A4 of class Ck (ka 2). In what 
follows we put X= M\M’, p := p(X), and pLo := p,,(X). Suppose that 
SE M\MG is a G-invariant subset G-homeomorphic to a sphere S(V) of 
an orthogonal finite-dimensional representation V of G. We put 
v,,(S, M) = 1 dim V” + I pots) n p. I (1) 
HEP 
and 
v(S,M)= 1 Mdim VH+ 
HEJI 1 Hl 
(2) 
Now we can state our Main Theorem, which generalizes Theorem 1 of 
[EL]: 
(1.3) THEOREM. Let G be a finite group, M a paracompact complete 
G-manifold of class Ck (k 2 2), and f: A4 -+ R a G-invariant and bounded 
below function of class C’ satisfying the (P.S.)-condition. Suppose that: 
(i) there is a G-invariant subset SE M\MG such that S is 
G-homeomorphic to a sphere S(V) of a finite dimensional orthogonal 
representation V of G; 
(ii) there is a number r E R such that 
f(s)<r<f(P) 
for all SES andpEMG. 
Then f has at least v,(S, M) distinct critical orbits in the set fr, i.e., f has at 
least v(S, M) critical points in fr. 
The estimate (1) and (2) obtained in Theorem (1.3) can be improved if 
we replace condition (ii) by a slightly stronger condition. In fact, if 9 
denotes the family of subgroups of G defined by a G-subset SE M 
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and for YsA4, Y,={YE YIG,EF}, Ys= Y\Y,, we have the 
following: 
(1.4) THEOREM. Let G be a finite group, M a paracompact complete 
G-manifold of class Ck (k > 2), and f: M + R a G-invariant and bounded 
below function of class C’ satisfying the (P.S.)-condition. Suppose that 
(i) there is a G-invariant subset S s M\MG such that S is G-homeo- 
morphic to a sphere S(V) of a finite dimensional orthogonal representation 
Vof G; 
(ii) there is a number r E R such that 
f(s)<r<f(p) forall SES and REM? 
Then f has at least 
(1’) 
distinct critical orbits in fr, i.e., f has at least 
v’(S, M) = 
HE!.dS(Y)) 
distinct critical points in fr. 
We have the following immediate corollaries of the Main Theorem. 
(1.5) COROLLARY. Let G be a finite group and M a G-manifold 
G-homeomorphic to the sphere S(V) of a real orthogonal representation V of 
G such that VG = (0) ( i.e., in particular, MC = @). Then every G-invariant 
function f: M + R of class C’ has at least 
v,,(V)= c dim VH+ I,dS(V))I ffE Ld.3 V)) 
distinct critical orbits in M, i.e., f has at least 
distinct critical points in M. 
(1.6) COROLLARY. Let G be a finite group and M a compact G-manifold 
of class Ck (k > 2) such that MG = fa. Suppose that there is a G-invariant 
subset S c M such that S is G-homeomorphic to a sphere S(V) of a finite 
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dimensional orthogonal representation V of G. Then every G-invariant 
function f: M + R of class C’ has at least v,,(S, M) distinct critical orbits 
in M, i.e., f has at least v(S, M) distinct critical orbits in M. 
(1.7) COROLLARY. Let G be a finite group, M a paracompact complete 
G-manifold of class Ck (k > 2), and f: M --) R a G-invariant and bounded 
below function of class C’ satisfying the (P, S.)-condition. Suppose that 
(i) f 1 ,,,t~ achieves its minimum at a, E MC; 
(ii) there exists a finite-dimensional and G-invariant subman$old N of 
Msuchthata,ENandfo:=fIn:N-+RisofclassC2; 
(iii) D2fo(a,,) is negative definite on T(N),,. 
Then the function f has at least v,,(S, M) distinct critical orbits in f,, i.e., f 
has at least v(S, M) distinct critical ponts in fi, where r =f (ao) and S is the 
image of a small sphere in T(N), under the exponential map. 
We will need some known results concerning the Principle of Symmetric 
Criticality and the linearizability of action of a compact Lie group. 
Suppose now that G is a compact Lie group and M is a G-manifold of 
class Ck (k > 2). Let x be a symmetric point of M, i.e., x E MG. There is a 
natural linear representation V of G on T(M), given by g H Dg,. The 
action G is called linearizable at x if there is a diffeomorphism cp of an open 
set U of M containing x onto an open set cp( U) in V and mapping x to 
the origin such that the map 
cp.g.q-‘:q(U)+ v 
is the restriction to p(U) of the linear map Dg,, i.e., p linearizes the action 
of G about x. Since the maps Dg, are linear it follows that VG is a closed 
linear subspace of V and since cp maps U n MG onto cp( U) n VG, MG is 
locally a submanifold (of class Ck- ‘) of M at x. 
(1.8) THEOREM. Let G be a compact Lie group and M a Banach 
G-mantfold. Then for each symmetric point x E MG the action of G on M is 
linearizable about x and the Principle of Symmetric Criticality is valid for 
M; i.e., for any G-invariant function f: M+ R of class Cl, XE MG is a 
critical point off tf and only tf x is a critical point off G : = f 1 Mu. 
Proof Cf. [P3, Theorems 4.4, 5.1, and 5.43. i 
We shall use, in the proof of Theorem (1.3), the following equivariant 
version of the Deformation Lemma: 
(1.9) LEMMA. Suppose that G is a finite Lie group. Let M be a complet 
Finsler G-manifold of class Ck (k 2 2) and f: M + 53 a G-invariant function 
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of class C’ satisfying the (P.S.)-condition. Suppose that c E R, E > 0, and U 
is an equivariant neighbourhood of K,; then there exist E E (0, E) and 
~EC([O, l] xM, M) such that: 
1” ~(0, x) = x for every x E M; 
2” n(t,x)=xfor all tE[O, l] wheneverf(x)$[c-E,c+E]; 
3” n(t, .) is a G-homeomorphism of A4 onto Mfor each t E [0, l] such 
that n(t, .)(MH) = MH for every subgroup Hs G; 
4” f(n(t,x))<f(x) for all xEM, tE [0, 11; 
5” V(l?f,,,\U) EfV,. 
Proof The proof of this equivariant version of the Deformation Lemma 
is standard and based on the existence of an equivariant pseudogradient 
vector field for f on M* = M\K. For it is well known (cf. [P2]) that there 
is a locally Lipschitzian pseudogradient vector field Y for f in M*, which 
is not necessary equivariant, and the vector field 
x(x) := & C Dg,’ Ykx) 4s XEkP, 
gEG 
is a required equivariant pseudogradient vector field. The vector field X is 
also locally Lipschitzian. Now it is sufficient to follow a standard construc- 
tion (cf. [P2, CH, Rl ] ), similarly to the non-equivariant case. We refer also 
to [FH, Bl]. 1 
In the proof of the Main Theorem we combine the minimax techniques 
with the results of [MA] on the Lusternik-Schnirelman category of 
quotient space X/G. In what follows cat denotes the Lusternik-Schnirelman 
category. 
(1.10) LEMMA. Let G be a finite group acting freely on a metric space A. 
Assume that S is a G-invariant subset of A, of dimension , which is also an 
n-dimensional cohomological sphere over Z or Z, where p is a prime dividing 
IGI. Then 
cat(A/G) B n + 1. 
Proof By Proposition 2.2 of [MA], for every subgroup Hc G, 
cat(A/H) <cat(A/G); thus it is sufficient to prove the lemma for a sub- 
group H N Z,, where p is a prime number dividing 1 GI . Suppose that 
cat(A/H) < n. By Lemma 2.8 of [MA], there exist an unitary representa- 
tion V of HzZ,, VH= (0) with dim, V= [(n+1)/2] and with 
Z,-equivariant map cp: A -+ S(V) which is homotopic to a constant map. 
Observe that, by Theorem 7.10, p. 145 of [BR], n is odd if p is odd; thus 
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dimV=[(n+1)/2].2=n+l and dim S(V)=n. Now we consider the 
inclusion i: SC; A composed with the map cp. The map 4 : = cp 0 i: S + 
S(V) is Z,-equivariant and, since 4 is homotopic to a constant map, the 
degree of @ is zero. But this is a contradiction to the Borsuk-Ulam 
Theorem (cf. [MA, Theorem 2.9). For p = 2 there exists, by Lemma 2.7 of 
[MA], a Z,-equivariant map $ from A into the unit sphere S”- ‘, where 
Z, acts by the antipodal map. Then the composition jo II/ oi, where 
.i: S”-’ 4 S” is the inclusion, is a Z,-equivariant map from S into s” which 
is homotopic to a constant map, but this is again a contradiction to the 
Borsuk-Ulam Theorem. 1 
Proof of the Main Theorem 
Put A = {x E MI f(x) < r} and consider the function 7= a of: A + R, 
where a(t) = t - l/( t- r). The function 7 is G-invariant, bounded below, of 
class C’, and satisfies the (P.S.) condition. Moreover, jhas the same critical 
points as the restriction f 1 A, and every set Tc, c E Iw, is complete. 
Let us observe that, by Theorem (1.8), for any subgroup H& G the set 
MH is a submanifold of class Ck- ’ of M and a point x E AH is a critical 
point of the restriction f” : = ?[A* if and only if it is a critical point of T 
By Theorem (1.1 ), the manifold A admits the structure of a Finsler 
G-manifold and by (i.i), A s M\MG. Suppose that HE p and VH # (0); 
then W(H) = N(H)/H# {e}, where N(H)= {geG[ g-‘Hg&H}, acts 
freely on MH\MG, and thus W(H) acts also freely on AH# 0. Let dH 
denote the class of closed W(H)-sets contained in AH. We define 
yj:= {YE&HIcat(Y/W(H);AH/W(H))>j), 
where j= 1, . . . dim VH (see [P2, MA] for the definition of cat( ., .) and its 
properties). Since SH c AH is a cohomological sphere of dimension 
dim VH- 1, thus, by Lemma (l.lO), cat(AH/W(H)) adim VH and all sets 
yj; j= 1, . . . . dim VH =: qH are nonempty and yi zy2? ... ‘>y,,. We put 
cj= inf sup f”(x), 1 dj<dim VH. 
YE y, x E Y 
Using the standard arguments based on the equivariant version of the 
Deformation Lemma, Lemma (1.8), one can show (see for example [P2, 
Rl, CH]) that yff has at least cat(AH/W(H)) adim VH distinct critical 
orbits in AH. Let AcH’=G.AH= {xEAIG,?gHg-’ for some gEG}. In 
general AcH) is not a manifold; nevertheless, since H is minimal, 
AH/N(H) = AcH)/G 
(cf. [BR, Chap. II, Corollary 5.10, p. 89). This means that7has at least dim 
VH distinct critical orbits in the set AcH). Since AcHI) and AcH*) are disjoint 
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for distinct H,, H, E p, we have at least CHEp dim VH distinct critical 
orbits of 3 Since every orbit in AcH) consists of 1 G j/l H 1 points, 7 has at 
least CHEp (1 G l/l H 1) dim VH distinct critical points. 
Suppose, now, that HE pO n pO(S), i.e., SH # @ and W(H) = (e}. In this 
case we can state only the existence of at least one critical point ofTH in 
A “; thus 7 has at least I G l/l H 1 critical points in AcH’. 
This shows that the functionx and consequently f, has at least v,,(S, M) 
distinct critical orbits, i.e., f has at least v(S, M) distinct critical points. 
The proof of Theorem (1.4) is similar to the proof of the Main Theorem; 
thus it is omitted. 1 
2. APPLICATION TO VARIATIONAL PROBLEMS 
WITH SYMMETRIES 
Let Q z Iw” be an open and bounded regular region and let cp : [w’ -+ (w be 
a function of class C2 such that the following conditions are satisfied: 
I448 da 151p’q+c I
Iv’(5)l <b l~I’p-y)‘y+c2 
Iqf’(5)1 cc l(p-2~)‘y+cj. 
(*I 
Here a, b, c, c1 , c2, cj are positive constants, p > 2q 2 1, and p < 2n/(n - 2). 
Then it is well. known (see for example [K2, CH, Rl, EL]) that the 
function 9 defined on the Sobolev space H’(O, R’) by 
,a(~) = j- cp(u(x)) dx, UE H’(Q, R’) 
R 
is of class C2, and 
D2,a(u)(v, w) = j #‘(u(x)) v(x) w(x) dx, u, v, w E H’(Q, [WI). 
R 
Moreover, the functional f: HA(Q, (w’) + [w defined by 
f(u)=& IVu(x)I’dx+./(u) (3) 
satisfies the (P.S.)-condition (see [RI 1). In what follows, we will call such 
a function cp admissible. 
A point UE HA(Q; rW’) is a critical point of f if and only if (by the 
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regularity result for elliptic equations) u(x) satisfies the following system of 
equations: 
-Vu(x) + Vq(u(x)) = 0 
UldG?=O, u E C’(Q R’). 
(4) 
Let bkLN be a basis of HA(Q; R) consisting of the orthonormal eigen- 
functions of the Laplacian -A, i.e., u,EHA(Q;IR), -Au,=&u,, and 
so Vu, .Vuj= 6,. It is well known that Ak > 0 and Ak -+ cc as t + co. We 
can suppose that the (finite) multiplicity of each eigenvalue Ak is counted 
in the sequence {A,} ;= i . 
Suppose now that R’ is endowed with an orthogonal representation of a 
finite group G. We will denote this representation by W, and suppose that 
WG= (0). Let us assume now that qn is a G-invarant admissible function. 
Since 0 is a fixed point of the action of G on W, the derivative 
q’(O) : W + R is a G-equivariant linear map, thus q’(O) has to be the zero 
map; i.e., 0 is a critical point of rp. The second derivative ~“(0) defines a 
G-invariant quadratic form on W. Let {pi}:= i be the spectrum of (o”(O). 
We denote by Wi the eigenspace corresponding to pLi and xi denotes the 
character of Wj. 
(2.1) THEOREM. Let W be an orthogonal representation of a finite group 
G such that WG= (0) and let cp: W-+ R be a G-invariant, admissible, 
bounded below C2-function. We denote by mi, 1 < i< q, the number of 
indexes k for which pi + 2, < 0. Then the system (4) has at least 
solutions different from 0. 
Proof: We will apply Corollary ( 1.7). Since f is of class C2 and 
f”(u)(o, WI = s, CWx) .Wx) + cp”(u(~))(v(xh w(x))1 dx, 
thus 
f “(ONu, u)= JQ CIV4x)12 + CP”(~)(~X), u(x))1 dx. 
Suppose that u E H,!,(Q, Wi) c Hi(Q, R’), then 
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Let u’(x) = C,“= i @u,(x), where U(X) = (u’(x), .. . . u’(x)), j= 1, . . . . I; then 
j=l k=l 
If we suppose that u E HA(Q; IV,) is such that 1 + pi/Ak 2 0 implies tlik = 0, 
then we get that f”(u, U) < 0. The set of all such functions UE HA(Q, IV,) 
determines a subrepresentation, isomorphic to mi Wi, into HA(Q, W) = 
Hi(O)@ W, and if we put I/= @y= i m, Wir Hk(Q, W) then it is clear 
that f”(0) is negative definite on V. Let us remark that the minimal 
isotropy groups on Hh(Q, W)\(O) are the same as these on S(W), i.e., 
/A =p(S( W)) and ,uO=pO(S( W)). Note also that xV=Cq=i miXi, therefore 
the statement of Theorem (2.1) follows from Corollary (1.7) and the fact 
that 
dim(VH)=& C x,(h) 
heH 
(cf. [SE]), i.e.,fhas at least 
critical points different from 0. m 
Let us remark that Theorem (2.1) is an actual improvement of an 
analogous result of Ekeland and Lasry (cf. Proposition 7, [EL]), in which 
the authors considered only the standard action of Z,, p prime number, on 
R2. Even in this case, Theorem (2.1) gives at least 2m .p distinct solutions 
different from 0, instead of only (m + 1) .p as obtained in [EL]. More 
generally, in the case of a free action of the group G on S(W), we have the 
following corollary of Theorem (2.1): 
(2.2) COROLLARY. Let W be an orthogonal representation of a finite 
group G, Wg R’, such that G acts freely on S( W), and let cp : W + R be an 
admissible, bounded below, G-invariant function of class C*. We denote by 
mi, 1 < i < q, the number of indexes k for which pi + ik < 0. Then the system 
(4) has at least 
v=(GI i mixi(e)=IGI E m,dim W, 
i= 1 i= 1 
solutions different from 0. 
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3. APPLICATIONS TO BIFURCATION PROBLEMS 
Let H be a real Hilbert space. In this section we suppose that H is an 
orthogonal representation of a finite group G. Let 9: H + R be a 
G-invariant functional of class C2 and A(u) = VY(u). Let U c H be a 
G-invariant open set with 0 E U. We consider the following equation 
A(u) = Au, UE u, LEna. (5) 
We suppose that A(0) = 0 so that 0 provides the trivial solution to (5). Let 
us suppose that 1, is an isolated eigenvalue of DA(O) of finite multiplicity. 
DA(O) is a self-adjoint operator. Thus there is the following splitting 
of H, H=H,OH,, where H, = ker(DA(0) - &I) and H, = Hf = 
Range(DA(0) -&Z). P, and P, will denote the orthogonal projections on 
H, and H,, respectively. For every u E H, ui and u2 will denote P,u and 









u =o. 1 
We define a G-equivariant operator B as follows: 
Bu=B(u,,u,):= P2 
(Au, u) 
Au--u 1 . 
The following lemma was proved in [M] and [BP]: 
(3.1) LEMMA. There exist a cone C= {u: 11 P,u 11 d c 11 P,u II}, c>O, a 
number 6 5 0, and a G-invariant function cp of class C’, cp: r+ H,, where 
T:={u,~H,:O<Ilu~/l<6}, such that 
0) lim,,,oVdu,)=O 
(ii) B(u,, u2) =0 if and only if u2 = cp(u,), for every (u,, U~)E 
CnUn(r@H,). 
Let us call M the graph of cp. A4 is a G-invariant n-dimensional mani- 
fold, where n is the dimension of H,. We consider the sphere 
S,= (uEH: IIuII =p} and put M, :=S, n M. It is known (see [BP] and 
[M] ) that M, is G-homeomorphic to the (n - 1) dimensional sphere S, in 
H,, and moreover every critical point of 9 Iw, is a solution to (5) (see 
[M, p. 111). Therefore, in order to find a lower estimation on the number 
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of solutions II to (5), with 1) u 1) = p, it is sufficient to estimate the number 
of critical points of f 1 Mp. 
Let us suppose that H, n HG = (0). We denote by p the set of all mini- 
mal elements K in <(S(H,)) such that W(K) # {e} and by pLg the set of 
those minimal elements K in c(S(H,)) for which W(K)= {e}. 
(3.2) THEOREM. Suppose that 4 : H -+ R is a G-invariant functional of 
class C2 and A =VY. Let H, be the eigenspace of DA(O) corresponding to
an isolated eigenvalue & of finite multiplicity n such that H, n HG = (0). 
Then problem (5) has at least 
distinct solutions u such that 1) u)) = p, where p > 0 is sufficiently small. 
Proof It is a direct consequence of Corollary (1.6). 1 
Let us consider the equation 
-Au = ,uf (u), uW#4, (6) 
where SZc[Wk is the cube (-n/2;7~/2)~=(-7r/2;7~/2) x ... x (-742;7c/2), - 
k tunes 
and f: 58 -+ R is a function of class C’ such that f(0) = 0, f ‘(0) = 1. We put 
f-(t) = Jbf (s) d s and suppose that F satisfies the conditions (* ) of 2. Then 
it follows that the functional 
Y(u) := s F(u(x)) dx 
R 
is a C2-functional on H := HA(Q), and the critical points of 9 on the 
sphere S, = {u E H: /I u (/ * : = JN. 1 Vu(x)/ * dx = s2} satisfy the equation 
j-Q f(u(x)) v(x) dx = A IQ Vu(x) .Vv(x) dx, u, v E H;(Q). (7) 
Standard regularity theorems imply that a solution u to (6) is a classical 
solution to (7) with ,U = l/A. 
Let G be the symmetry group of the cube Sz. The group G induces an 
orthogonal action on HA(Q) in the following way: 
(Tgu)(x) = u(g(x)), geG, xEQ. 
It is clear that 9 is a G-invariant functional on H. Now we define the 
operator A: HA(Q) -+ HA(Q) by the formula 
(A(u), v> = .r,f (u(x)) v(x) dx for every v E H h(Q), 
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where ( ., . ) denotes the scalar product on HA(Q) associated with the 
norm 11 .[I, i.e., A(u) =V.J(u). Therefore Eq. (6) is equivalent to (5) with 
p = l/n. Since (DA(O)[a], w) = so u(x) w(x) dx, the eigenvalue problem 
for DA(O) takes the form 
-l~Av=v, v E H&Q). 
Let us now describe the symmetry group of the cube 0. We denote by 
Gk the group of matrices of the form A = [a,], i,j= 1, . . . . k, 
aiie ( - LO, 1 }, such that in each row and each column there is exactly one 
non-zero element. It is clear that Gk is subgroup of the orthogonal 
group O(k). 
Fact 1. The group Gk is isomorphic to the group of symmetries of 
sz= [-n/2; 7r/2]k. 
Proof: It is evident that every A E G, is a symmetry of fi. Inversely, if 
A E O(k) is a symmetry of 0 then it maps each vertex of 0 onto a vertex 
of Q and thus A(e,) = f ej, where {e,} denotes the canonical basis in Rk. 
This means that A E Gk. 1 
Let us define 
dk={[U,]EGk:Uo= fdii}. 
i.e., A, is the subset of all diagonal matrices, and 
A, and Sk are subgroups of G, and it is easy to verify that sk is isomorphic 
to the kth symmetric group (cf. [BM]). Thus 1 sk 1 = k! and 1 A, 1 = 2&. It is 
known (cf. [BM, Chap. VIII, Sect. 41) that every matrix A E Gk is uniquely 
represented as a product A = D 0 P, where D E A& and P E sk. Moreover, if 
A E Gk and DE Ak, then A- ‘DA E Ak, which means that A, is a normal 
subgroup of Gk. Now, using 6.51 and 6.5.3 of [HA], we obtain that the 
group Gk iS the semi-product Of A, and Sk, i.e., Gk = d k X dk Sk, and thus 
lGkl =2&.k! 
By the usual Laplace method of separation of variables we can com- 
pletely describe the spectrum and the eigenfunctions of -A on Hi(Q) 
(cf. [VL]). Namely, o(-A)=(a=nf+ ... +n::ni~N, i=l,...,k} and if 
we put 
(sin nx if nrOmod2 
&z(x) =
i cos nx if n=lmod2 
then u(x,, x2, . . . x,) = u,,(xi) .un2(xz) . . . u,~(x~) is an eigenfunction of 
-A corresponding to the eigenvalue p = n: + n: + ... + n:. These func- 
tions form an orthogonal basis of HA(Q)). Let H, denote the eigenspace 
corresponding to p E a( -A). We are interested in the action of G, on H,. 
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We put 
~~={(n,,n,,...,n,)E~k:n:+n~+ ... +n&LA} 
and then we have: 
Fuct2. If ~EE(-A) and ZZ$ does not contain any sequence 
(n,, n29 . . . . nk) composed only of odd numbers, then (H,)dk = (H,)Gk = (0). 
Fact 3. If p E a( -A) is not equal to km* for some m E N, then (HJk = 
(HJGk = {O}. 
ProoJ: Suppose that p # km* for all rnE N, and (n,, . . . Q)E J$. Then 
there are n, # n, for some Y < s. Let T, E Sk be a matrix [a,] given by 
i 
6, if i$ {r, s> orj$ {Y, s} 
au= 1 if i=r and j=s 
1 if j=r and i=s. 
Then 
T,C(u,,(x,). . . ~u,,b,). .. u,jx,). .. u,,(x,)l 
= U,,(Xl) . . . . . z&Jx,) .. . . . u,,(x,) . .‘. . u,,(xjo 
#z&,(x,). .. d&(x,). ... u,s(x,). “ .z4JXk). 1 
Theorem (3.2) can be applied to problem (6) in the case of an arbitrary 
k but for simplicity we assume that k=2. In this case the subgroup struc- 
ture of G, can be described as follows: 
-2-elements subgroups of G2 are: 
---elements subgroups of G, are 
A,={[: ;I:[ -:, ;I; [:, -;I; [-:, -;I] 
K1={[:, ;I; [ -; ;I; [ -:, -:I; [y -:I] 
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Moreover we have that 
N(A;)=N(A;)=A, and Ai-As 
N(s2) = N(s; ) = K2 and s2-32 3 
where the symbol “N” denotes the relation of conjugation. All subgroups 
of order 4 and A; are normal. 
That kind of description of subgroup structure of Gk, for a given k, can 
be done with the use of a computer. 
Now we will consider the following cases: 
lo Case: p is odd. Then if(n, m) E dP implies that one of the numbers n 
or m is odd, say n, and another is even. It is clear that (m, n) E SB,, and thus 
the corresponding eigenfunctions are 
u,=sinmx.cosny and u2 = cos nx . sin my. 
In this case the isotropy subgroups of u E HP\ (0) are: 
(a) for u=c.u,, c#O, G,=A:; 
(b) for u=c~u,,c#O,G,=A~; 
(c) for u=c,.u1+c2.u2, cl,c2#O; if c,#c,, G,=(O); and if 
cl=c2, G,=s2; 
and there are no other isotropy subgroups in HP\ (0). Therefore the mini- 
mal elements in t(H,) are At and s2. Let us remark that 
dim(H,,)“:=F and dim(H,)“--lTi, 
hence 
lG2l Id I lGzlb$,J v=m.*+- 
Is*I 2 
=4 1-41 .2+4 .!+4. ,J4J. 
2” Case. p is even but J$ does not contain any pair of odd numbers. 
This means that JX$ is composed only of pairs of even numbers. 
Suppose first hat p # 2m2 for every m E N. Then for (n, m), (m, n) E dp 
the corresponding eigenfunctions are 
u,=sinmxsinny and u2 = sin nx sin my. 
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In this case the isotropy subgroups of UE H,\(O) are 
(a) for u=c.ui, c#O, G,=d;; 
(b) for u=c.u,,c#O,G,=d;; 
(c) for u=c~~u~+c~~u~,c,,c~#O; if cl=-c2,GU=K1, and if 
c1 = c2, G, = K,; and G,= A; otherwise. Thus, the minimal elements in 
((HP) are K, and K,. Since dim(HJK’ =dim(H,)“‘= Is4,(/2; thus 
,,!#+!#!$!=2.,~p,. 
I 2 
Suppose now that p = 2m2 for some m E N. In this case we have one more 
possibility of an eigenfunction, namely 
u = sin mx . sin my, 
and G, = K,. Thus, dim(HJK1 = (I dP I- 1)/2, dim(H,)K2 = (I Ss, I- 1)/Z+ 1, 
and we obtain again that v = 2 I &, 1. 
Therefore, by Theorem (3.2), the following result follows: 
(3.3) THEOREM. Let p be an eigenvalue of -A. 
(i) Zf u is an odd number then u is a bifurcation point for (6) andfor 
every small E > 0 Eq. (6) has at least 1 J$ I .4 distinct solutions u such that 
11 u 11 = 8. 
(ii) Zf u is an even number such that J$ does not contain any pair of 
odd numbers then u is a bifurcation point for (6) and for every small E > 0 
Eq. (6) has at least I dP I .2 distinct solutions u such that 1) u II = E. 
4. PARTIAL BREAKING OF SYMMETRIES 
Let H be a Hilbert space equipped with an orthogonal action of a finite 
group G and let f: R x H + R be a one-parameter family of G-invariant 
functionals of class C2 on H, continuously depending on E E R. We put 
and 
f, : = f (8, .I, EER 
fo : = f (0, . ). 
Let K be the set of all critical points of fO. Suppose that Mr K is a com- 
pact connected G-invariant C2-manifold such that 
T(M), = ker(@fdx)) 
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for every x E M. Then we will call M a non-degenerate critical G-manifold 
Off@ 
(4.1) LEMMA. Let M be a compact, nondegenerate critical G-manifold of 
f. and suppose that D*f,(x) is a Fredholm operator of index 0 for all x E M. 
Then 
(1) there exist a G-invariant neighborhood U of M and G-invariant 
mappings P: U + H and Q: U + H of class C’ such that for every u E U, 
P(u) EM> Q(u) E W%U’,N, u = f’(u) + Q(u); 
(2) there is an E> 0 such that for all 0 < 1 E / <E” the set 
ME= {ue U:Vfe(u)~ker(D2f,(Pu))) 
is G-dtffeomorphic to M, and 
(3) for~EU,Vf~(u)=O, whereO<IEI<E, zfandonlyzfuEM,andu 
is a critical point off, constrained to M,. 
Proof Since the proof is essentially the same as in the non-equivariant 
case we refer to [RE, Theorem 6.1; DA, ACE] (Theorem 2.1). In the equiv- 
ariant case we have only to remark that all used constructions can be made 
equivariant. We want to emphasize that Lemma (4.1) is still true in a much 
more general version, for example when H is replaced by a G-Riemannian 
manifold, or by a Banach representation of G, under some additional 
hypothesis (see [DA]), and G is a compact Lie group. 1 
We have the following theorem: 
(4.2) THEOREM. Let G be a finite group and M a compact, nondegenerate 
critical G-mantfold for f0 such that D’f,( x is a Fredholm operator of index ) 
0 for all x E M. Suppose that MG = @ and let S c M be a G-invariant subset 
such that S is G-homeomorphic to a sphere S(V) of a finite dimensional 
orthogonal representation V of G. Then there exist E> 0 and a G-invariant 
neighborhood U of M such that for all 0 < 1 E 1 < E, f, has at least v(S, M) 
critical points in U. 
Proof Let U, E > 0 and M, be as in Lemma (4.1). It is sufficient to 
estimate the number of critical points on M,, 0 < 1 E 1 <E. Since M, is 
G-homeomorphic to M, MG = 0, and SE M is G-homeomorphic to the 
sphere S(V), by Corollary (1.6), f, has .at least v(S, M) distinct critical 
points in M,. 1 
Suppose now that G is a finite subgroup of a compact connected Lie 
group G which acts orthogonally on the Hilbert space H, and assume that 
f0 is G invariant while, for E > 0, f, is only G-invariant. This is a situation 
LUSTERNIK-SCHNIRELMAN METHOD 123 
of partial breaking of symmetries when the G-invariant function f. is per- 
turbed by G-invariant functions. If x E H is a critical, non-symmetric point 
of fO, then the whole orbit Gx is composed of critical points. Since the 
action of G is only continuous Gx is generally not a differentiable manifold. 
However, if Gx is contained in a finite dimensional subspace of H, or for 
example if x is a smooth function in a Sobolev space, then the orbit 6x is, 
in fact, a smooth critical manifold off0 differmorphic to c/c.,. 
The situation described below can occur in the study of variational 
problems related to the boundary value problems on a region D which has 
a large group of symmetries, for example when 52 is a ball or an ellipsoid. 
In this case a classical non-symmetric solution x gives the whole orbit 
ME G/C, of critical points to the associated funtional fO. Knowing that 
this orbit is non-degenerate for fO, we obtain that for sufficiently small 
1 E 1 > 0 the perturbations f, of f0 have critical points near the manifold M 
and a lower estimation on the number of those critical points can be 
obtained from Theorem (4.2). For example, it is sufficient o find a 
G-homeomorphism from S(V) into M. 
It seems to be an interesting problem to find a lower estimation on the 
number of perturbed solutions near a fixed non-spherical solution (corre- 
sponding to E = 0) to the equation of the form 
Au +f,(x, u) = 0, XEB 
where B is a ball in Euclidean space R”, &(x, U) =f(u), and fz(x, U) is 
invariant with respect to some finite subgroup G of SO(n, R) E GL(n, IL!). 
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